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ABSTRACT 
 
We present theoretical framework to describe Brillouin lasing in microcavities in the case of a significant 
mismatch between the Brillouin shift and the cavity intermode spacing. We show that despite an increase of the 
lasing threshold a significant increase of the Brillouin power in comparison with the resonance case is 
achievable. A necessary condition for this effect is the optimal value of the pump frequency detuning from the 
cavity mode frequency. An increase of the Brillouin threshold is accompanied by narrowing of the spectrum 
range where the Brillouin signal could be generated in non-resonant case. Besides, with the optimal pump 
frequency detuning the Brillouin signal noise level is reduced. Analytical results are in quantitative agreement 
with the results of numerical simulations. 
Keywords: Stimulated Brillouin scattering; microresonators; fiber Brillouin laser 
 
1. INTRODUCTION 
Design of low noise narrow-band laser sources is one of tasks the modern photonics focuses on [1-3]. The scope 
of such laser applications is spread on distributed fiber monitoring [4, 5], precise spectroscopy [6], optical 
communications [7, 8], microwave photonics [9], and so on. The most accessible and studied method to narrow 
the laser linewidth is to organize a feedback loop to the laser generation [10, 11], namely a feedback through an 
external cavity [12–14]. The use of such configurations allows to narrow the linewidth of standard semiconductor 
DFB lasers down to several kHz [15]. Alternative solutions for design of narrow-band lasers are based on 
stimulated Brillouin scattering (SBS). They exploit specific properties of the Brillouin scattering amplification 
process such as a low-power threshold and a narrow gain band (tens of MHz) [16]. Such a narrow Brillouin gain 
spectrum that could be narrower than the cavity inter-mode spacing supports single-frequency Brillouin laser 
operation in cavities of lengths less than ~10 m [17, 18]. Progress in high-Q micro-cavities based on classical 
optical materials (whispering gallery modes in quartz spheres, disks, etc. [19, 20]) or based on chalcogenide 
glasses, silicon and other materials with an increased Brillouin gain factor [21-23] allows to demonstrate 
Brillouin lasers with extraordinary performance characteristics in terms of laser linewidth (down to hundreds of 
Hz or less) and low noise. 
Effective SBS generation in microcavities requires adjusting of the cavity inter-mode spacing to the Brillouin 
frequency shift. The current advanced technology allows to control the microcavity size adjusting the cavity free 
spectrum range (FSR) with an accuracy of about 1 MHz, while its absolute value is comparable with the 
Brillouin frequency shift (typically, ~10 GHz) [24]. However, the effects caused by the detuning of the FSR from 
the Brillouin shift on Brillouin lasing should be mandatorily accounted by the laser designers. Indeed, both 
parameters (FSR and BΩ ) depend on the pump wavelength and external factors (temperature, strain, etc.). 
Besides, these effects could be used for the laser frequency tuning, the Brillouin frequency combs adjustment 
[25] or sensing of external perturbations [26]. 
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The aim of this work is to describe the dynamical effects arising in the Brillouin laser microcavities in the case of 
mismatching between the Brillouin frequency shift and the cavity FSR. Formally, the used approaches are valid 
for any type of Brillouin lasers with a cavity shorter than one meter, i.e. when a single-mode laser operation is 
supported by the Brillouin gain. Under these conditions, the frequency detuning SR2 FB kπΩ −  is strongly less 
than tens of MHz excluding any mode-hopping events. 
 
2. THE USED APPROACH 
A considered configuration of a microcavity Brillouin laser under continuous pumping is shown in Fig.1. The 
cavity is coupled with the pump laser that excites a forward pump optical wave. Brillouin process is thought as 
an interaction between the forward pump wave ( )FA t  and the backward Stokes wave ( )BA t  through a sound 
wave ( )tρ  [27]: 
 
 
Figure 1. Brillouin lasing in a microcavity 
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where ( )FA t , ( )BA t , ( )tρ  are the complex amplitudes, Fω , Вω , Ω  are the frequencies, Fl , Вl  , lρ  are 
angular moments and FΛ , ВΛ , ρΛ  are the mode overlapping integrals for the pump, Stokes and sound waves, 
respectively. bΩ  is the Brillouin frequency shift, eγ  is the electrostriction, 0n  is the cavity refractive index. 
Transversely the fields of the forward and backward optical waves are fundamental modes. The radius of the 
mode trajectory is assumed to be equal to the radius of the resonator R . The phase matching conditions are: 
F Bω ωΩ = −  and F Bρ = +l l l . For simplicity we set FΛ = BΛ = 1 2ρΛ =  [27]. 
The time constants  Fτ  and Bτ  are lifetimes for the forward and backward optical waves describing losses in the 
cavity. These losses can be accounted as the material losses and the losses due to coupling with the output fiber, 
i.e. for the forward and backward waves: 
 
,0
1 1 1
F F extτ τ τ= + ,  
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1 1 1
B B extτ τ τ= +  
S  is the pump amplitude, 2S  is the pump power, 2FA  and 
2
BA  are energies of the forward and backward 
waves in the cavity [28]. They are linked as:  
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were 2T – is the optical power transmitted through the cavity. 
In the case of the pump wave frequency offset F S Fσ ω ω= −  the backward wave and sound wave frequencies are 
also detuned as B B Bσ ω ω′= − , ρσ ′= Ω −Ω . New phase-matching is achieved as F B ρσ σ σ= + . New complex 
amplitudes could be expressed as ( ) ( ) ( )exp , exp , expF F F B B BA A i A A i i ρϕ ϕ ρ ρ ϕ′ ′ ′ ′ ′ ′= = = . Thus Eq. (1) is 
replaced by: 
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where, primes are omitted and 0B Fω ω ω≈ = . The steady-state solutions of Eq.3 are 
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One can see that in steady-state, the energy of the forward wave does not depend on the pump power. It is 
determined by the cavity parameters and by the phase mismatch of the interacting waves. The second equation in 
Eq.4 expresses the energy conservation law (2), since F extA S Tτ = + [28].  Eq.(2) describes the link between 
the pump and Brillouin wave powers: 
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Here, the parameters B extτ τ  and 2 0,F FA τ′ are responsible for the generation efficiency and threshold power, 
respectively  
Let us now consider the generation parameters in the non-resonant case. The dependences of the optical energies 
on the frequency offset Fσ  could be obtained from Eq.3 and the phase matching conditions: 
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The detuning Fσ  and the difference between the Brillouin shift and the inter-mode spacing bΩ −Ω  determine 
the Brillouin laser frequency. The frequency offsets in their turn affect the phase mismatch of the interacting 
waves. Indeed, in the case of bΩ = Ω , zero pump wave detuning requires 0B ρσ σ= =  and hence the steady-
state phase matching 2F B ρϕ ϕ ϕ π− − =  and 0S Fϕ ϕ− = . In the case of any detuning, the phase matching point 
is shifted leading to a change of the steady state wave energy. In particular, Eq.3 gives: 
 ( )2 2 21sin 1 4F B B Bρϕ ϕ ϕ τ σ− − = + . 
leading to the implicit and explicit expressions for the forward and backward wave energies as functions of the 
frequency offset:  
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Here, 2 2 2 20 0 0 016 eg n Rρ ω ε γ= ΓΩ l , ( )2 2 2bΔ = Ω −Ω Ω .  
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To analyze the obtained relations let us consider Brillouin lasing in silica disk (or sphere) cavity with a radius of 
22 mm  and mode area of 225 μm  [27]. We consider pumping at 1550 nmλ =  ( 150 1.22 10ω = ⋅ ), the pump 
power of 1 mW ( 2 20 22.3 10 W mS = ⋅ ). Other system parameters are listed in Table 1. 
Table 1 
Parameter Value Parameter Value 
F Bτ τ=   ( ) 162 2 10 sπ −⋅ ⋅  eγ   1.5 
extτ   ( ) 162 1.33 10 sπ −⋅ ⋅  0n   1.5 
Γ   ( )6 12 15.64 10 sπ −⋅ ⋅  0ρ   2200 kg/m3 
bΩ   ( )9 12 11.55 10 sπ −⋅ ⋅  Rl   71.22 10⋅  m-1 
 
In the first case the Brillouin shift is exactly equal to the spectral range between two microcavity modes 0Δ = . 
Fig. 2 (a) shows the dependencies of forward and backward waves energies on the detuning Fσ . With an 
increase of Fσ  the energy of the forward wave increases parabolically and symmetrically with respect to the 
change of Fσ  sign. In accordance with Eq.4 the forward wave energy does not depend on the pump power. At 
low pump powers, the threshold values of the forward wave energy are minimal at zero detuning Fσ . Generation 
of the backward wave occurs in a narrow spectrum range 0Bσ → . It is important for practical realizations of 
narrow-band generation that the band of possible changes of Bσ  in 1 Bτ+ Γ  narrower than the band between the 
threshold points of Fσ  (see Eq.6). With a pump power increase, both the energy and available spectrum range of 
the Brillouin wave increase. The bandwidth between the threshold points also increases. Note that the 
dependence of the backward Brillouin wave energy on the frequency detuning is rather flat. 
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Figure 2. (a) The steady-state Brillouin wave energy as function of the detuning Bσ  for different pump powers (left) and the 
forward wave energy as function of the detuning Fσ (right) for the resonant case when the Brillouin frequency shift coincides 
the cavity intermode spacing. (b) The same, but for non-resonant case when the Brillouin shift is detuned from the cavity 
intermode spacing by ( ) 2 20b πΩ −Ω = . Symbols denote forward wave energy levels corresponding to the Brillouin 
threshold. The results of numerical simulation (Eq.3)(dushed), the pump power is 3 mW. Different scales for Fσ  and Bσ . 
Let us now compare the considered resonant case with the case when the Brillouin shift exceeds the cavity inter-
mode spacing bΩ > Ω  (Fig. 2 (b)). In non-resonant case the frequency pulling effect of Brillouin wave 
generation toward to the peak gain takes place [29]. One can see that the detuning 2 20 MHzπΔ =  shifts the 
Brillouin generation band by 2.5–3 MHz. The dependence of the forward wave energy on Fσ  is not in symmetry 
anymore, the minimum of the parabola is shifted to the point Fσ = Δ , and the wave energy increases. The 
available band for Fσ  narrows. Accordingly, the generation band for Bσ  narrows as well. There is a range 
where the dependence of energy 2BA on the detuning is double-valued. The lower branch corresponds to 
unstable solutions. Due to the frequency pulling effect the maximum of the backward Brillouin wave energy is 
localized in the band with minimal Bσ  values limited by the condition of ( )cos 1s Fϕ ϕ− = . Importantly, there is 
a range Δ , where at sufficiently high pump powers the maximum value of the backward wave energy exceeds 
the level obtained for the resonant case 0B Fσ σΔ = = = . In particular, one can see from Fig. 2 that at 
2 20 MHzπΔ = , the pumping with a power higher than 1 mW causes an increase of the Brillouin wave peak 
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energy compared to the resonant case 0B Fσ σΔ = = = . Assuming that the detuning Δ  is high enough for 
pulling to overtake the characteristic losses 1B Bσ τ> , we can estimate the parameters at which the effect occurs. 
 ( )( )2
2 1 1
2
B B ext
F BB B
g
S
σ τ τ
τ τσ τ
− >   
3. NUMERICAL SIMULATIONS AND RESULTS 
In this section we present results of numerical simulation of Eq.3. To simulate generation of the Brillouin wave 
from a noise a term describing low thermal density fluctuations (Langevin noise source) has been added to the 
third equation in Eq.1. The Langevin source ( )f t  has the form of “white” noise equally splitted between the real 
rf  and imaginary if  parts ( )*( ) ( )r rf t f t C t tδ′ ′= − , where 20C kT Vρ υ= Γ , k  is the Boltzmann constant, V  
is the volume of the acoustic mode, υ  is the speed of the sound [30]. In established lasing regime the noise term 
determines the amplitude and phase fluctuation in the interacting waves. Without noise the interacting waves are 
fully coherent. Dynamics of the interacting wave energies at various pump power levels are simulated with the 
use of 4-order Runge-Kutta algorithm from a zero initial conditions to the steady-state level.  
First, we compare the simulation and analytical results. The simulation results with parameters corresponding to 
the theoretical calculations for a pump power of 3 mW are shown in Fig. 2. One can see that they coincide with 
the results obtained from Eq.7. The only difference are unstable branches of the backward wave energies. They 
are not reproduced by the simulation. The simulation results are extended to the range Fσ  where the generation 
of the backward wave does not occur (the forward wave energy is below the threshold). 
Let us consider how the Brillouin lasing in micro-cavity changes with a change of the pump power. In the case of 
resonant pumping, 0Δ =  (Fig. 3 (a)). As the frequency detuning Fσ  is changed the transmittance of the micro-
cavity 2 2T S could be defined from Eq.2. For small 0S → , the transmission spectrum is the transmission 
spectrum of the micro-cavity determined by ,0Fτ  and extτ  (dotted line in Fig. 3 (a)). With an increase of the 
pump power and excitation of the Brilouin wave the detuning Bσ  is determined by the detuning   Fσ  (Eq.6). 
One can see that the simulation results coincide with the analytical results. With the increase of the pump power 
the energy transfers to the backward wave. The transmission of the resonator increases and the energy of the 
forward wave in the band of Brillouin lasing does not depend on the pump power. 
Fig.3 (b) shows the Brillouin output power as a function of the pump power. One can see that at zero detuning 
Fσ  the threshold generation power is minimal. It could be obtained from Eq.4 : 
 20 24
ext
B F
g
S
τ
τ τ= . 
 
A decrease in the differential generation efficiency with an increase of the pump power is governed by Eq.5, 
since 2S and 2T  increase simultaneously. In accordance with the analytical predictions, non-zero pump 
frequency detuning increases the lasing threshold. However, at some pump power level, the output Brillouin 
power at non-zero pump frequency detuning exceeds its value at 0Fσ = . It can be also seen from Eq.7 (see Fig. 
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2 (a)): the energy level 2BA  corresponding to the threshold detuning values exceeds its value in the central part 
at 0Fσ = . 
Let us consider now a case when the Brillouin shift exceeds the cavity inter-mode spacing bΩ > Ω  (Fig. 3 (c)). 
The frequency pulling causes an asymmetry of transmission curve. The energies of the forward and backward 
waves coincide with the analytical results based on Eq.7. At a fixed pump power level, a narrower range of 
detuning Fσ  is available for Brillouin lasing than in the case of bΩ = Ω . The latter leads to narrowing of the 
corresponding range of Brillouin frequencies Bσ . These effects are explained by an increase of the lasing 
threshold that is not zero even for resonant pumping. With an increase of the detuning Fσ  the threshold becomes 
higher. However, the use of high-power pumping allows to get Brillouin lasing with a power much higher than in 
the resonance case bΩ = Ω  (Fig. 3 (d)). 
 
Figure 3. (a) The pump wave power introduced into the microcavity and the microcavity transmittance as functions as the 
pump frequency detuning Fσ (right). The Brillouin wave intensity as a function of Bσ . Pump power is 1 mW (solid), 3 mW 
(dashed). The microcavity transmittance without Brillouin lasing (dotted). (b) The Brillouin laser power as a function of the 
pump power at various offsets Fσ . The spectral distance between the forward and backward waves coincides with the SBS-
shift (a, b). The spectral distance between the forward and backward waves defers from the SBS frequency shift by 
( ) 2 20MHzb πΩ −Ω =  (c, d). 
The reported features are also illustrated in Fig. 4. It shows the changes of the forward and backward wave 
energies depending on the corresponding frequency offsets at different values of bΩ −Ω . The linear dependence 
of the detuning Bσ  on the value bΩ −Ω  in agree with Eq.6. An increase of the forward wave intensity during 
the narrowing of the band Fσ  available for lasing and a jump of the forward wave intensity above the threshold 
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are also in agreement with the previous observations. The figure illustrates the feature established above: in a 
certain range of detuning  ( )bΩ −Ω  and at a sufficiently high pump power levels, the maximum value of the 
Brillouin wave energy is higher in comparison with its value in resonance. One can see that the pumping power 
of 1 mW is enough to increase the maximum energy of the backward wave in the range of detuning 
( )0 2 30b π< Ω −Ω ≤ MHz. The absolute maximum energy 2BA is fixed at ( ) 2 20b πΩ −Ω = MHz and the 
pump detuning of 1.5MHzFσ ≈ . With a further increase of ( )bΩ −Ω  the energy of the Brillouin wave falls 
sharply. As the pump increases to 3 mW, the Brillouin signal generation range increases significantly. In the 
whole considered range ( )0 2 50MHzb π< Ω −Ω ≤  the maximum of the Brillouin wave energy exceeds its 
value at the resonance. The absolute maximum of the Brillouin wave energy is observed at ( ) 2 30MHzb πΩ −Ω =  and a pump frequency detuning of 3MHzFσ ≈ . 
 
 
Figure 4. The intensities of the forward and backward waves as functions of the detuning Fσ  and Bσ , respectively, at 
different values of ( ) 2b πΩ −Ω . The pump power is 1 mW (solid), 3 mW (dashed). Different scales are applied for Fσ  and 
Bσ .  
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Figure 5. Results of numerical simulation. The relative noise intensity (RIN) spectral density for the Brillouin lasing in 
microcavity at different pump frequency detuning. ( ) 2 0b πΩ −Ω =   (a) and ( ) 2 20b πΩ −Ω =  (b). 
 
The noise properties of the Brillouin lasing in the microcavity have been as well studied in the numerical 
experiment. The RIN (relative intensity noise) spectral density of the Brillouin radiation defined as 
                                                   ( ) ( ) ( ) ( )2 2222 expB B
B
S A t A t i d
A
ω δ δ τ ωτ τ
+∞
−∞
= +∫  
has been evaluated for different values of the pump frequency detuning in two cases: ( ) 2 0b πΩ −Ω =   and 
( ) 2 20b πΩ −Ω = . In the simulation, the pump power is 3 mW. One can see that in the resonant case (Fig. 5 (a)) 
the dependence of the Brillouin intensity on the frequency detuning is flat. Therefore, a weak dependence of the 
spectral density RIN on the frequency detuning is observed up to 10 MHz. For 2 5MHzFσ π ≤ , the RIN is 
approximately -140 dB/Hz. As the frequency detuning approaches the threshold values, RIN increases to -130 dB 
within the band of  ~1 MHz. 
As to concern RIN in a non-resonant case there is a remarkable result. There is an optimal pump frequency 
detuning for which the noise characteristics of the Brillouin lasing can be significantly improved (Fig. 5 (b)). One 
can see that at the detuning of 2 5MHzFσ π =  the RIN can be reduced down to -155 dB/Hz. This effect is 
explained by narrowing of the Brillouin signal generation band and by suppression of its response to the phase 
and amplitude fluctuations of the interacting waves. Even despite a strong phase-amplitude coupling leading to 
formation of a characteristic noise maximum near 2-4 MHz, the RIN level remains lower than in the resonant 
case in a wide frequency band of 1 kHz -50 MHz. 
 
4. CONCLUSION 
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We have performed analytical and numerical treatments of the Brillouin lasing in microcavities. In addition to 
the previous works, we consider a non-resonant case of non-zero difference between the Brillouin shift and the 
microcavity inter-mode spacing. Despite an increase of the lasing threshold and shift of the gain maximum from 
the microcavity mode, the intensity of the Brillouin radiation can be higher than in the resonant case. A necessary 
condition for this effect is an optimized value of the pump frequency detuning. The result of the lasing threshold 
increase is the narrowing of the spectrum range when the Brillouin signal could be generated in the non-resonant 
case. Besides, with the optimized pump frequency detuning, the Brillouin laser noise is reduced. Analytical 
results are confirmed by numerical simulations. The results of the work could be important for design of 
microcavity Brillouin lasers, Brillouin sensors and other microwave devices of Brillouin photonics. 
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